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ABSTRACT 
Synchrotron r a d i a t i o n  from e l e c t r o n s  w i t h  ve ry  small p i t c h  angles  
i s  described and t h e  i n t e n s i t y  and p o l a r i z a t i o n  of t h i s  r a d i a t i o n  are 
der ived .  
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It has r e c e n t l y  been pointed o u t ,  by O ' D e l l  and S a r t o r i  [ l l , t h a t  t h e  
convent ional  formulas for synchrotron r a d i a t i o n  a r e  inappropr ia te  even 
f o r  h ighly  re la t iv i s t ic  e l e c t r o n s  i f  t h e  p i t c h  angles  are v e r y  s m a l l .  
O ' D e l l  and S a r t o r i  were concerned w i t h  t h e  s i g n i f i c a n c e  of t h i s  f a c t  f o r  
theories of p u l s a r s ,  but  their  point  is of much w i d e r  s ign i f i cance .  For 
in s t ance ,  s o m e  t h e o r i e s  of t he  a c c e l e r a t i o n  of e l e c t r o n s  i n  s o l a r  f l a r e s  
C21 l e a d  t o  the a c c e l e r a t i o n  of e l e c t r o n s  w i t h  v e r y  s m a l l  p i t c h  angles .  
Small-pitch-angle e f f e c t s  may t h e r e f o r e  be important f o r  our understanding 
of some types  of s o l a r  r a d i o  b u r s t s .  
In  t h i s  r e p o r t ,  t he  q u a l i t a t i v e  d i f f e r e n c e  between "normal" and " s m a l l -  
pi tch-angle" synchrotron r a d i a t i o n  w i l l  be desc r ibed ,  and t h e  i n t e n s i t y  and 
p o l a r i z a t i o n  of t h e  r a d i a t i o n  f o r  the  la t ter  case  w i l l  be d e r i v e d .  When 
t h e  v e l o c i t y  of a r e l a t i v i s t i c  e l e c t r o n  is  nea r ly  p a r a l l e l  t o  a magnetic 
f i e l d ,  the  power received by a f ixed  observer  w i l l  be much g r e a t e r  than 
t h e  power e m i t t e d  by t h e  moving e l e c t r o n .  This  e f f e c t  and i ts  consequence 
f o r t h e s y n c h r o t r o n  r a d i a t i o n  from a s t a t i o n a r y  ensemble of e l e c t r o n s  w i l l  
be reviewed. The changes i n  p i t c h  angle  and emiss iv i ty  caused by r a d i a t i o n  
l o s s e s  also w i l l  be d iscussed .  
A.  Normal and Small-Pitch-Angle Synchrotron Radiat ion 
For normal synchrotron r a d i a t i o n ,  t h e  p i t c h  angle  of t he  h e l i c a l  tra- 
j e c t o r y  of t h e  r e l a t i v i s t i c  electron 5 is l a r g e  when compared t o  l/y, 
where y is  t h e  Lorentz f a c t o r  of t h e  e l e c t r o n  y = E/mc and E is the  
e l e c t r o n  energy. Radiat ion from the  electron is confined p r imar i ly  t o  a 
narrow beam of h a l f  angle  
Each t i m e  t h e  e l e c t r o n  completes an o r b i t ,  i t s  v e l o c i t y  vec tor  (and, t h u s ,  
t he  beam of  r a d i a t i o n )  desc r ibes  a cone of half  angle  E ,  a s  seen i n  Fig. 
1. An observer  located i n  t h e  f i e l d  of r a d i a t i o n  w i l l  r ece ive  a pulse  of 
2 
- l / y  i n  t h e  d i r e c t i o n  of  t h e  e l e c t r o n  v e l o c i t y .  
1 
Fig. 1. RADIATION PATTERN OF A R E L A T I V I S T I C  ELEC- 
TRON SPIRALING WITH A LARGE PITCH ANGLE I N  A 
MAGNET I C  F I E L D .  
energy each t i m e  t h e  beam sweeps over him, and t h e  c h a r a c t e r i s t i c  frequency 
o f  t h i s  r a d i a t i o n  i s  roughly t h e  r e c i p r o c a l  of  t h e  pulse  width. 
When t h e  p i t c h  angle  6 is  small  compared t o  l / y ,  t h e  r a d i a t i o n  
w i l l  be b a s i c a l l y  d i f f e r e n t  from t h a t  descr ibed above. Now, t he  beam of 
r a d i a t i o n  is  large compared t o  t h e  p i t c h  angle ;  t h e r e f o r e ,  ins tead  of sweep- 
ing  around a l a r g e  cone, t he  beam merly gy ra t e s  about a point  near  i t s  cen- 
ter .  An observer  w i th in  t h e  beam w i l l  r ece ive  a continuous stream of r ad ia -  
t i o n  r a t h e r  than discrete b u r s t s .  
2 
B. Der iva t ion  of Small-Pitch-Angle Synchrotron Radiat ion 
To f ind  the  c h a r a c t e r i s t i c s  of r a d i a t i o n  from an e l e c t r o n  moving 
i n  a hel ical  t r a j e c t o r y ,  t h e  c a l c u l a t i o n  has been d i v i d e d  i n t o  t h r e e  
p a r t s :  (1) transforming t o  an i n e r t i a l  frame i n  which t h e  e l e c t r o n  
i s  i n  a circular o r b i t ,  (2) computing the e l e c t r o n  emiss iv i ty  i n  t h e  
"moving frame," and (3) t ransforming back t o  f ind  t h e  emis s iv i ty  of 
t h e  e l e c t r o n  i n  t h e  " l abora to ry  frame." 
s i m p l i f i e s  t h e  mathematics and c l a r i f i e s  t h e  phys ics .  The d i s t i n c t i o n  
between r a d i a t i o n  from e l e c t r o n s  i n  c i r c u l a r  and h e l i c a l  o r b i t s  i s  
made by t h e  choice of i n e r t i a l  frame: one man's c i r c u l a r  o r b i t  i s  
another man's h e l i c a l  o r b i t .  Conceptually,  i t  is  u s e f u l  t o  s epa ra t e  
" i n t r i n s i c  r a d i a t i o n "  from an e l e c t r o n  i n  a c i r c u l a r  o r b i t  and the  
s p e c i a l  r e l a t i v i s t i c  e f f e c t s  caused by  t h e  constant  v e l o c i t y  o f  t h e  
e l e c t r o n  along t h e  a x i s  of t h e  h e l i x .  Some care must be taken ,  how- 
e v e r ,  t o  avoid confusion between the  q u a n t i t i e s  tha t  a r e  measured 
i n  d i f f e r e n t  frames and between t h e  p r o p e r t i e s  of r a d i a t i o n  e m i t t e d  
by t h e  moving e l e c t r o n  and t h e  r a d i a t i o n  received by a s t a t i o n a r y  ob- 
server. The q u a n t i t i e s  i n  t h e  moving frame ( the  frame i n  which t h e  
e l e c t r o n  is  i n  a c i r c u l a r  o r b i t )  w i l l  be denoted by a h a t  ("1, and 
the  p r o p e r t i e s  of t he  e m i t t e d  and r e c e i v e d  r a d i a t i o n  w i l l  be d i s t i n -  
guished by t h e  s u b s c r i p t s  e and r ,  r e spec t ive ly .  
Th i s  type of c a l c u l a t i o n  
I n  t h e  l abora to ry  frame, the  e l e c t r o n  has a r e l a t i v i s t i c  energy 
p c 2  and a very  s m a l l  p i t c h  angle  6.  To s ta te  t h e  cond i t ions  i n  a 
more u s e f u l  form, y = O ( l / d  and 76 = O( E )  where E << 1. 
Without loss of g e n e r a l i t y ,  t h e  observer is taken t o  be i n  the  E ~ ,  
e plane and t h e  e l e c t r o n  p o s i t i o n  and v e l o c i t y  (Fig. 2 )  t o  be 
-3 
3 
U t  
N cos  (+) + -2 e s i n  (?)I + cp I I  t e  -3
hr 
Fig.  2. ELECTRON TRAJECTORY I N  THE LABORATORY FRAME. 
where W = eH/mc, e i s  the  abso lu te  va lue  of t he  e l e c t r o n  charge,  
m is  the  e l e c t r o n  mass, and H is  the magnetic-field s t r e n g t h .  The 
H 
v e l o c i t i e s  i n  u n i t s  of c p a r a l l e l  and perpendicular  t o  t he  magnetic 
f i e l d  are p,, = B cos e and = p s i n  6 ,  r e spec t ive13  where p = 
(1-#/2* 
Equations (1) and (2) desc r ibe  t h e  e l e c t r o n  motion i n  t he  labo- 
r a t o r y  frame. I n  an i n e r t i a l  frame which i s  moving w i t h  a v e l o c i t y  
4 
p , , ~ ,  
and v e l o c i t y  (Fig.  3) are 
r e l a t i v e  t o  t h e  l abora to ry  frame, t h e  e l e c t r o n  energy, p o s i t i o n ,  
where 
2 8 = ?mc 
n 2 2 2 
y = ( y  s i n  6 + cos2 6 ) l ”  = 1 + o(E 
(3 )  
(4) 
Fig. 3 .  ELECTRON TRAJECTORY IN THE MOVING FRAME. 
5 
and 
A s  O ' D e l l  and S a r t o r i  noted,  t h e  e l e c t r o n  is  n o n r e l a t i v i s t i c  i n  t h e  
i n e r t i a l  frame i n  which it is  moving i n  a c i r c u l a r  o r b i t ;  the r a d i a t i o n  
from t h i s  type  of e l e c t r o n  is  simply cyc lo t ron  r a d i a t i o n  (discussed 
i n  t h e  Appendifr) t h e  e m i s s i v i t y  of which i s  
2A2 2 
e B uH 2 -1 -1 -1 
e r g  sterad sec Hz  (1 + cos 8) B ( G  - 2) A A A  Te(Lte) = 4c 
The degree of l i n e a r  p o l a r i z a t i o n  i n  t he  d i r e c t i o n  perpendicular  t o  
t h e  magnetic f i e l d  is  
and t h e  degree of c i r c u l a r  p o l a r i z a t i o n  is  
where fi > 0 f o r  right-hand p o l a r i z a t i o n  ( the  observer s ees  t h e  elec- 
t r i c  vector r o t a t e  counter clockwise) and II < 0 for left-hand 
C 
A 
i: 
6 
p o l a r i z a t i o n .  The t o t a l  r ad ia t ed  power is  
2A2 2 
3c 
A 2e B WH 
d v  = 
The problem of f i n d i n g  t h e  c h a r a c t e r i s t i c s  of t h e  r a d i a t i o n  now re- 
duces t o  f i n d i n g  the  proper t ransformat ion  for t h e  q u a n t i t i e s  i n  Eqs. 
through (12).  
t i m e ,  and frequency i s  a s c a l a r  and is  inva r i an t  under Lorentz t r ans -  
format ions ;  t h e r e f o r e ,  
(7) 
The number of photons e m i t t e d  i n  i n t e r v a l s  of sol id  angle ,  
Because 
Eq. (13) y i e l d s  
The ang le s  between t h e  d i r e c t i o n  of propagation and t h e  magnetic 
f i e l d ,  as measured i n  t h e  moving and l abora to ry  frames, a r e  related 
by C3l 
2 1/2 s i n  e ( l  - B ) 
and 
7 
2 
To a re la t ive accuracy of O(E 1, t h i s  r e l a t i o n s h i p  is  
For 8 >> l/y, d W d Q  decreases r a p i d l y ;  t h e r e f o r e ,  i t  i s  s u f f i c i e n t  t o  
t r e a t  8 as a small  q u a n t i t y  on the  order  of E. The s o l i d  angle  
transfoqmat i o n  then  becomes 
A 47 
- 2 2 2  
dR - -  
do ( I +  r e )  
When s p e c i a l  r e l a t i v i s t i c  e f f e c t s  are s i g n i f i c a n t  ( that  i s ,  when con- 
s i d e r i n g  v e l o c i t i e s  comparable with t h e  speed of l i g h t ) ,  temporal and 
s p a t i a l  displacements  are i n t e r r e l a t e d  and both must be spec i f i ed  t o  
and d t  r e f e r  perform a t ransformat ion .  The t i m e  i n t e r v a l s  
t o  t h e  changes i n  t h e  t i m e  coord ina tes  of t h e  l abora to ry  and moving 
dte e 
frames, r e s p e c t i v e l y ,  which would be measured at t h e  p o s i t i o n  of  t h e  
e l e c t r o n .  (The r e l a t i o n s h i p  between d t r D  t h e  t i m e  i n t e r v a l  as mea- 
sured at t h e  observer ,  and 
d t e  
w i l l  be discussed i n  t h e  next s e c t i o n . )  
The radiat ion e m i t t e d  i n  t h e  i n t e r v a l  d$ i n  the  moving frame is  e 
e m i t t e d  dur ing  t h e  i n t e r v a l  d t  when t i m e  is measured i n  t h e  labo- 
r a t o r y  frame, and 
e 
8 
(20 
The frequency of r a d i a t i o n  i n  the moving frame i s  r e l a t e d  t o  t he  
frequency of r a d i a t i o n  i n  t h e  labora tory  frame by [SI 
From Eq. (161, the angular  dependence of r a d i a t i o n  can be obtained f o r  
s m a l l  8 by 
(23 
2 2 ( 1  + y4e4) 
2 2  1 + cos e = i + y e  
Combining E q s .  (7),  (9), (211, (22),  and (23) produces the e l e c t r o n  
emiss iv i ty  i n  terms of t h e  parameters of t h e  labora tory  frame 
(24 1 
-1 -1 -1 
e r g  sterad sec Hz 
where vc - yw$n* The r a d i a t i o n  i n  any  d i r e c t i o n  8 w i l l  be monochro- 
matic wi th  The frequency spectrum of r ad ia t ion  over 
a l l  angles  (F ig ,  4 )  is 
2 2  v = v c / ( l  + 6 y ). 
9 
v < vc 
Fig. 4. FREQUENCY SPECTRUM OF THE SMALL-PITCH-ANGLE SYNCHROTRON 
EMISSION INTEGRATED OVER ALL ANQES. 
10 
and t h e  angular d i s t r i b u t i o n  of power over a l l  f r equenc ie s  (Fig.  5 )  is  
F ig .  5 .  ANGULAR DISTRIBUTION OF THE SMALL-PITCH-ANGLE: SYNCHROTRON 
EMISSION a 
The t o t a l  power emitted over a l l  f r equenc ie s  and angles  is 
A 
I n s e r t i n g  = f3 i n t o  Eq. (25) shows t h a t  t h e  t o t a l  emission i n  
t he  l abora to ry  and moving frames [Eq. (1211 are t h e  same because t h e  
p a r t i c l e  energy E and t h e  t i m e  i n t e r v a l  d t e  have i d e n t i c a l  trans- 
formation p r o p e r t i e s ;  t h a t  is 
11 
A * 
dE d t  
dE d t  
- - -  - 
The degrees  of p o l a r i z a t i o n  are s c a l a r  q u a n t i t i e s  and thus  a r e  inva r i -  
a n t :  
h 
= (8) 
k?,c 
(16) an1 remembering L a t  8 = 0 
2 2  
2Q y 
:I, w e  ob ta in  
f o r  t he  degree of l i n e a r  p o l a r i z a t i o n  perpendicular  t o  t h e  magnetic 
f i e l d  and 
4 4  
l-r 1 - e r  
11 = I
C 4 4  
i + e y  
f o r  t h e  degree of c i r c u l a r  p o l a r i z a t i o n ,  where 
p o l a r i z a t i o n  and II < 0 f o r  lef t -hand p o l a r i z a t i o n .  
i-Ic > 0 f o r  right-hand 
C 
C Apparent Emiss iv i ty+  
Because of t h e i r  r e l a t i v e  motion, t h e  power received by a s t a t i o n -  
a r y  observer  c a n  d i f f e r  s i g n i f i c a n t l y  from the power emit ted by a moving 
electron. Examination of F ig .  6 reveals tha t  t h e  r a d i a t i o n  emit ted i n  a 
t i m e  i n t e r v a l  d t e  w i l l  be de t ec t ed  i n  a t i m e  i n t e r v a l  d t  where r 
?A good d i scuss ion  of t h e  material i n  t h i s  s e c t i o n  wi th  a somewhat d i f -  
f e r e n t  o r i e n t a t i o n  can be found i n  the  a r t i c l e  by Ginzburg and Syrovat- 
s k i i  C41. 
12 
d t r  = d t e  - COS 0 d t e  = d t e ( l  - B,, COS 0 )  
Fig .  6 .  DIAGRAM OF THE RELATIONSHIP BETWEEN d t e  AND dt,. 
The second t e r m  is the e f f e c t  of decreas ing  the propagation t i m e  of t he  
e l e c t r o n  as the distance between t h e  e l e c t r o n  and the  observer  is shor t -  
ened. 
The r e l a t i o n s h i p  between the  "real emiss iv i ty"  of t h e  e l e c t r o n  ( the  
energy l o s t  by t h e  electron i n  i n t e r v a l s  of t i m e ,  frequency, and s o l i d  
ang le )  and the "apparent emis s iv i ty"  ( the  energy received i n  i n t e r v a l s  
13 
of t i m e  and frequency by an observer  who subtends an element of s o l i d  
ang le )  is 
From Eqs. (30) and (311, 
Sta t iona ry  observers  can measure only the re fo re ,  i n  t he  ab- 
sence of any knowledge concerning t h e  phys ics  of t h e  source,  observers  
Qe, v); 
could no t  d i s t i n g u i s h  between a s t a t i o n a r y  r a d i a t o r  t h a t  emits a t  a 
rate 7 ( 0 , ~ )  and a moving one w i t h  a v e l o c i t y  r 
ergy  a t  a rate 
t h a t  e m i t s  en- 
@, 23 
ve(Q9 V I .  
The power rece ived  from a s i n g l e  e l e c t r o n  can be cons iderably  
g r e a t e r  than the  power emitted; however, t h e  e l e c t r o n  w i l l  r a d i a t e  i n  
a given d i r e c t i o n  f o r  only a f i n i t e  t i m e  before it  l o s e s  i t s  energy or 
is  de f l ec t ed ,  and the t i m e  du r ing  which t h e  observer  r ece ives  t h e  radi- 
a t i o n  is correspondingly s h o r t e r  than t h e  t i m e  i n  which the  r a d i a t i o n  
i s  emitted, as shown by Eq. (31). In  agreement w i t h  t h e  conservat ion 
l a w s ,  t h e  t o t a l  energy t h a t  can be de tec t ed  from an e l e c t r o n  equa l s  the 
t o t a l  energy emitted by t h e  e l e c t r o n .  
D e  Sta t iona ry  Ensemble of Elec t rons  
To c a l c u l a t e  t h e  volume emiss iv i ty  of a time-independent ensemble 
of e l e c t r o n s ,  say,  a s t a t i o n a r y  "cloud" or a s teady  stream, one needs 
t o  cons ide r  only the real emis s iv i ty  of each p a r t i c l e .  The apparent  
14 
emiss iv i ty  of an e l e c t r o n  i s  more compressed than i ts  real 
emis s iv i ty  (it is  more in t ense  and of shorter du ra t ion ) ;  however, when 
the  e l e c t r o n  d i s t r i b u t i o n  is s t a t i o n a r y ,  t he  f l u c t u a t i o n s  of t h e  ind i -  
v idua l  e l e c t r o n s  are unimportant and only the  average emis s iv i ty  i s  
s i g n i f i c a n t  e 
I t  is  easy t o  show tha t  t he  average apparent  emis s iv i ty  (averaged 
over  t he  e l e c t r o n  " l i fe t ime")  is  equal  t o  t h e  real emis s iv i ty .  
e l e c t r o n  r a d i a t e s  a t  a cons t an t  rate for a t i m e  
d e t e c t  t h e  apparent  emis s iv i ty  q r ( @ , v )  for a t i m e  T ' ( d t r / d t  1. 
The average apparent  emis s iv i ty  i s  then 
If  an 
an observer  w i l l  
T e 9  
e e 
and, by Eq. (311, t h i s  i s  
The volume emiss iv i ty  of a time-independent ensemble of e l e c t r o n s ,  
therefore, is given by 
where f (:) y s  5 )  is a d i s t r i b u t i o n  f u n c t i o n  for t h e  e l e c t r o n s  
E o  Pitch-Angle Relaxat ion 
Equation (12) g ives  t h e  t i m e  dependence of t h e  e l e c t r o n  v e l o c i t y  
i n  the moving frame, 
15 
I n t e g r a t i n g  E q .  (361, one o b t a i n s  
where 
2 
A '  3 m c  
.I.=- 2 2  
H 2e w 
The p i t c h  angle ,  E is r e l a t e d  t o  by E q .  (71, E; = ;/y. In  t h e  
l abora to ry  frame, t h e  e l e c t r o n  v e l o c i t y  is  p r i n c i p a l l y  i n  t h e  e 
d i rec t i on p Y fj,, ; t he re fo re ,  t h e  Lorentz  fac tor  y i s  only neg l i -  
g i b l y  dependent on p.  Combining E q s .  (71, (81, and (37) y i e l d s  
-3 
h 
where 
3 
2e W 
A 3 m c  y 
H 
T = y T =  2 2  
Using E q s .  (24) and (381, t h e  time-dependent s i n g l e - p a r t i c l e  e m i s -  
s i v i t y  f o r  an e l e c t r o n  i n  a uniform magnetic f i e l d  i s  found t o  be 
and the time-dependent apparent  emis s iv i ty  i s  obtained by inc luding  t h e  
effects of t i m e  con t r ac t ion  [Eq.  (3011 and i n t e n s i t y  enhancement [Eq. 
A s  explained i n  t h e  previous sec t ions ,  t h e  received pulse  is  more 
i n t e n s e  but  of s h o r t e r  du ra t ion  than t h e  emit ted pulse ,  and the  t o t a l  
r a d i a t i o n  received i n  any d i r e c t i o n  is  equal  t o  t h e  t o t a l  r a d i a t i o n  
emi t ted  i n  t h a t  d i r e c t i o n .  
17 
Appendix 
CYCLOTRON RADIATION FROM A NONRELATIVISTIC ELFCTRON I N  A CIRCULAR ORBIT 
The e l e c t r o n  is o r b i t i n g  i n  a uniform magnetic f i e l d  ,H = Ee3 and 
i t s  p o s i t i o n ,  v e l o c i t y ,  and a c c e l e r a t i o n  (Fig.  3)  are 
A A 
cos t >  +- E2 s i n  (w f)]  
N ; = g H p1 H H 
* I  A A = s i n  (w t )  + e cos  (wHt) H -2 
where t h e  do t  denotes  d i f f e r e n t i a t i o n  w i t h  r e spec t  t o  t i m e .  Because the  
e l e c t r o n  is  n o n r e l a t i v i s t i c ,  B << 1 and (1 - p  ) - 1. A A2 1/2 
The e l e c t r i c  f i e l d  f a r  from t h e  e l e c t r o n  [SI is  
L 'ret 
A 
where n is a u n i t  v e c t o r  i n  the  d i r e c t i o n  of propagation, is  the  
d i s t a n c e  from t h e  e l e c t r o n  t o  t h e  observer,  and t h e  term i n  the  brackets  
is evaluated a t  the r e t a rded  t i m e  
N 
A A  
= -  A t - R  
tret C 
A 
The v e c t o r  from t h e  o r i g i n  t o  t h e  observer  i s  R ; t he re fo re ,  
N O  
A A 
(A -5  1 
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A A 
where R 1R 1 and so >> 1;). 
0 -0 N 
Using Eq. ( A e 1 I t  it can be seen  t h a t  t h e  re ta rded  t i m e  i s  
Because the s i g n i f i c a n t  t i m e  s c a l e  f o r  changes i s  
order  of p/wH << l / w  w i l l  be neglected.  
l / w H ,  terms of the  
A 
H 
h a  n A A  A 
The u n i t  v e c t o r  n i s  taken t o  be (Fig.  3 )  n = e s i n  8 + e  cos 0 .  
N -2 -3 
Equations ( A . 3 )  and ( A . 4 )  now g ive  
A A 
E ( t )  A A = - - cos ( U 2  - q) + e cos  2 6  0 s i n  bz - 9) 
N -2 
+ e s i n  A e cos A e s i n  (iHT - +)I
-3 
or, i n  exponent ia l  no ta t ion ,  
(A .  9 )  
where it i s  understood t h a t  only the  real p a r t  of 
s ign i f  i c  an t a 
$(t) is  phys ica l ly  
N 
From Eq. ( A . 9 ) ,  t h e  r a d i a t i o n  i n t e n s i t y  and p o l a r i z a t i o n  can be 
der ived .  The energy f low ac ross  a u n i t  a r ea  i s  given by the  t i m e  aver-  
age of t h e  Poynting v e c t o r  
( A . 1 0 )  
19 
(A.ll) 
A where 2* is t h e  complex conjugate  of E .  
N N 
Because r a d i a t i o n  is  monochromatic, a d e l t a  func t ion  is required t o  
desc r ibe  t h e  s p e c t r a l  d i s t r i b u t i o n  of power. Mult iplying by Ro, one 
ob ta ins  t h e  e l e c t r o n  emiss iv i ty  
2A2 2 
-1 -1 -1 
e (1 + cos2 6 €j(i - 2) e r g  sterad sec  Hz 
(A.12) 
The degree  of p o l a r i z a t i o n  is the  d i f f e r e n c e  between the  emission 
i n  independent modes of p o l a r i z a t i o n  r e l a t i v e  t o  the t o t a l  emission. 
L i n e a r  p o l a r i z a t i o n  i s  found e a s i l y  by r e so lv ing  the  e l e c t r i c  f i e l d  
a long the  t r i a d  of b a s i s  vec to r s  
A $ = e  -1 -1 
(A.13) 
A A 
= n  
-3 N 
H e r e ,  $ is  perpendicular  t o  the magnetic f i e l d ,  is p a r a l l e l  t o  
t h e  p r o j e c t i o n  of the magnetic f i e l d  on the  plane perpendicular  t o  t h e  
d i r e c t i o n  of propagation, and a^  is  i n  the d i r e c t i o n  of propagation.. 
The e l e c t r i c - f i e l d  equat ion  ( A . 9 )  is now 
-1 -2 
-3 
20 
(A.  14) 
N o  e l e c t r i c  f i e l d  occurs  i n  the  d i r e c t i o n  of propagat ion ,as  required by 
Eq. ( A . 4 ) .  The degree of l i n e a r  p o l a r i z a t i o n  i n  t h e  J d i r e c t i o n  i s  
A 
-1 
( A . 1 5 )  
C i r c u l a r  p o l a r i z a t i o n  i s  s i m i l a r l y  found by r e so lv ing  the  e l e c t r i c  
v e c t o r  a long t h e  t r i a d  of b a s i s  vec to r s  
A A 
23 = L.3 
from which one ob ta ins  
A 
eBWH [(l + cos P A A  
N A 
E ( t )  = - -
2cRo 
c + (1 - cos 0 )  c -1 A -2 * I  A 
( A . 1 6 )  
( A . 1 7 )  
A 
where Ec is the right-hand po la r i zed  component of t h e  e l e c t r i c  f i e l d  
( the  observer  sees t h e  e l e c t r i c  v e c t o r  r o t a t i n g  counter  c lockwise) ,  and 
1 
21 
h 
E is t h e  lef t -hand po la r i zed  component. The degree of c i r c u l a r  
2 C 
p o l a r i z a t i o n  is  
A n =  
C 
1 1  
E  ^ . ;* 
N N  
A 
2 cos  8 
1 + cos2 G 
h A 
where ll > 0 f o r  right-hand p o l a r i z a t i o n  and II < 0 f o r  lef t -hand 
p o l a r i z a t i o n  a 
C C 
22 
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